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Abstract. We explore connections between geometrical properties of null
congruences and the algebraic structure of the Weyl tensor in n > 4 spacetime
dimensions. First, we present the full set of Ricci identities on a suitable “null”
frame, thus completing the extension of the Newman-Penrose formalism to higher
dimensions. Then we specialize to geodetic null congruences and study specific
consequences of the Sachs equations. These imply, for example, that Kundt
spacetimes are of type II or more special (like for n = 4) and that for odd n
a twisting geodetic WAND must also be shearing (in contrast to the case n = 4).
PACS numbers: 04.50.+h, 04.20.-q, 04.20.Cv
Changes with respect to the published version: typo in the last term in the first
line of (11f) corrected, missing term on the r.h.s. of (11p) added, first sentence between
Propositions 2 and 3 slightly changed.
1. Introduction
Thanks to the correspondence between geometrical properties of null geodesics and
optical properties of the gravitational field, the study of ray optics (see, e.g., [1, 2]
and references therein) has played a major role in the construction and classification
of exact solutions of Einstein’s equations in n = 4 dimensions. In this context, a
fundamental connection between geometric optics and the algebraic structure of the
Weyl tensor is provided by the Goldberg-Sachs theorem [3, 4], which states that a
vacuum metric is algebraically special if and only if it contains a shearfree geodetic
null congruence (cf. [1, 2] for related results and generalizations).
In recent years, possible extensions of the above concepts to arbitrary dimensions
n > 4 have been investigated. The classification of the Weyl tensor has been presented
in [5, 6], and aspects of geometric optics have been studied in [7–10]. In particular,
a partial extension of the Goldberg-Sachs theorem to n > 4 has been proven in [8]
by considering various contractions of the Bianchi identities. One of the results was
that the multiple‡ WAND (Weyl aligned null direction) of a type III or N vacuum
‡ “Multiple” WANDs are those WANDs whose order of alignment [5, 6] with the Weyl tensor is
greater than zero.
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spacetime is necessarily geodetic. Nevertheless, possible “violations” of the Goldberg-
Sachs theorem in n > 4 have been also pointed out. For example, the principal
null directions of n = 5 rotating black holes (which are of type D) are geodetic but
shearing [7, 8]. Furthermore, in n > 4 vacuum spacetimes of type III or N, a multiple
principal null direction with expansion necessarily has also non-zero shear [8].
This contribution makes further progress in the study of optical properties of
the gravitational field in higher dimensions. After summarizing our notation and
presenting a few preliminary results (section 2), we derive the full set of frame Ricci
identities in n ≥ 4 (section 3). This is a natural complement to the frame Bianchi
identities given in [8], and together with the expressions for commutators given in
section 1.2 of [11] it generalizes the Newman-Penrose formalism [1,2,4] for any n > 4.
Consequently, one can explore which of the four-dimensional applications of this
formalism can be extended to higher dimensions. Here, we focus on some of the
consequences of the Ricci identities, such as an analog of the Sachs equations [1,2,12]
for geodetic null congruences and their implications (section 4).
2. Null frames and Ricci rotation coefficients
In an n-dimensional spacetime we can set up a frame of n real vectors m(a) which
consists of two null vectors m(0) = n, m(1) = ℓ and n − 2 orthonormal spacelike
vectors m(i) [8]. From now on, a, b . . . = 0, . . . , n− 1 while i, j . . . = 2, . . . , n− 1. We
will observe Einstein’s summation convention for both types of indices. For indices
i, j, . . . there is no difference between covariant and contravariant components and
thus we will not distinguish between subscripts and superscripts. The metric reads
gab = 2ℓ(anb) + δijm
(i)
a m
(j)
b so that the scalar products of the basis vectors are
ℓaℓa = n
ana = ℓ
am(i)a = n
am(i)a = 0, ℓ
ana = 1, m
(i)am(j)a = δij . (1)
2.1. Ricci rotation coefficients
We are interested in properties of the covariant derivatives of the above frame vectors.
Let us define the Ricci rotation coefficients Lab, Nab and
i
Mab by
ℓa;b = Lcdm
(c)
a m
(d)
b , na;b = Ncdm
(c)
a m
(d)
b , m
(i)
a;b =
i
Mcd m
(c)
a m
(d)
b . (2)
First derivatives of eqs. (1) lead to the following n2(n+ 1)/2 relations [8]
L0a = N1a = N0a + L1a =
i
M0a +Lia =
i
M1a +Nia =
i
M ja +
j
M ia= 0, (3)
which reduce to n2(n − 1)/2 the number of independent rotation coefficientsS and
which will be employed throughout the paper (see section 2.2 in [8] for details; rotation
coefficients in a standard orthonormal frame are discussed, e.g., in [13]).
S In n = 4 dimensions the Lab, Nab and
i
Mab are equivalent to the 12 complex Newman-Penrose
spin coefficients. Namely, with the notation
√
2m = m(2) − im(3) one has (different conventions
in the literature may affect certain coefficient signs): −√2κ ≡ √2ℓa;bmaℓb = L20 − iL30, −2ρ ≡
2ℓa;bm
am¯b = L22+L33+2iL[23], −2σ ≡ 2ℓa;bmamb = L22−L33−2iL(23) , −
√
2τ ≡ √2ℓa;bmanb =
L21 − iL31,
√
2ν ≡ √2na;bm¯anb = N21 + iN31, 2µ ≡ 2na;bm¯amb = N22 + N33 − 2iN[23],
2λ ≡ 2na;bm¯am¯b = N22 − N33 + 2iN(23),
√
2π ≡ √2na;bm¯aℓb = N20 + iN30, ε + ε¯ ≡ −ℓa;bnaℓb =
−L10, ε − ε¯ ≡ ma;bm¯aℓb = i
2
M30, γ + γ¯ ≡ na;bℓanb = −L11, γ − γ¯ ≡ −m¯a;bmanb = i
2
M31,
√
2(β − α¯) ≡ √2ma;bm¯amb =
2
M33 + i
2
M32, −
√
2(β + α¯) ≡ √2ℓa;bnamb = L12 − iL13.
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We shall also employ covariant derivatives along the frame vectors
D ≡ ℓa∇a, △ ≡ n
a∇a, δi ≡ m
(i)a∇a. (4)
2.2. Transformation properties
Lorentz transformations of the basis m(a) can be described in terms of null rotations
(with ℓ or n fixed), spins (i.e., spatial rotations of the vectorsm(i)) and boosts in the
ℓ-n plane. Under null rotations with ℓ fixed
ℓˆ = ℓ, nˆ = n+ zim
(i) − 12z
2
ℓ, mˆ(i) =m(i) − ziℓ, (5)
where the zi are real functions and z
2 ≡ zizi, the rotation coefficients transform as
Lˆ11 = L11 + zi(L1i + Li1) + zizjLij −
1
2z
2L10 −
1
2z
2ziLi0, Lˆ10 = L10 + ziLi0,
Lˆ1i = L1i − ziL10 + zjLji − zizjLj0, Lˆi1 = Li1 + zjLij −
1
2z
2Li0,
Lˆi0 = Li0, Lˆij = Lij − zjLi0,
Nˆi1 = Ni1 + zjNij + ziL11 + zj
j
M i1 −
1
2z
2(Ni0 + Li1) + zizj(L1j + Lj1)
+ zjzk
j
M ik −
1
2z
2(ziL10 + zjLij + zj
j
M i0) + zizjzkLjk
+ 12z
2
(
−zizjLj0 +
1
2z
2Li0
)
+△zi + zjδjzi −
1
2z
2Dzi, (6)
Nˆi0 = Ni0 + ziL10 + zj
j
M i0 + zizjLj0 −
1
2z
2Li0 +Dzi,
Nˆij = Nij + ziL1j − zjNi0 + zk
k
M ij − zj(ziL10 + zk
k
M i0) + zizkLkj −
1
2z
2Lij
− zizjzkLk0 +
1
2z
2zjLi0 + δjzi − zjDzi,
i
Mˆ j1 =
i
M j1 + 2z[jLi]1 + zk
i
M jk + 2zkz[jLi]k −
1
2z
2
i
M j0 − z
2z[jLi]0,
i
Mˆ j0 =
i
M j0 + 2z[jLi]0,
i
Mˆ jk =
i
M jk + 2z[jLi]k − zk
i
M j0 + 2zkz[iLj]0,
whereas null rotations with n fixed are obtained by interchanging ℓ↔ n, L↔ N and
0↔ 1.
Under spins
ℓˆ = ℓ, nˆ = n, mˆ(i) = X ijm
(j), (7)
where the X ij are (n− 2)× (n− 2) orthogonal matrices, one gets
Lˆ11 = L11, Lˆ10 = L10, Lˆ1i = X
i
jL1j, Lˆi1 = X
i
jLj1, Lˆi0 = X
i
jLj0,
Lˆij = X
i
kX
j
lLkl, Nˆi1 = X
i
jNj1, Nˆi0 = X
i
jNj0, Nˆij = X
i
kX
j
lNkl,
i
Mˆ j1 = X
i
kX
j
l
k
M l1 +X
j
k △X
i
k,
i
Mˆ j0 = X
i
kX
j
l
k
M l0 +X
j
kDX
i
k, (8)
i
Mˆ jk = X
i
lX
j
mX
k
n
l
Mmn +X
j
mX
k
nδnX
i
m.
Finally under boosts
ℓˆ = λℓ, nˆ = λ−1n, mˆ(i) =m(i), (9)
where λ is a real function, one finds
Lˆ11 = λ
−1L11 + λ
−2 △ λ, Lˆ10 = λL10 +Dλ, Lˆ1i = L1i + λ
−1δiλ, Lˆi1 = Li1,
Lˆi0 = λ
2Li0, Lˆij = λLij , Nˆi1 = λ
−2Ni1, Nˆi0 = Ni0, Nˆij = λ
−1Nij , (10)
i
Mˆ j1 = λ
−1
i
M j1,
i
Mˆ j0 = λ
i
M j0,
i
Mˆ jk =
i
M jk.
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3. Ricci identities
Contractions of the Ricci identities va;bc−va;cb = Rsabcvs with various combinations of
the frame vectors lead to the set of first order differential equations presented below,
where Labc, Nabc and Mabc denote the Ricci identities for va = ℓa, na and m(i)a,
respectively. For n = 4 these are equivalent to the standard Ricci identities arising in
the Newman-Penrose formalism [1], and for n = 3 to the equations of [14]. Note that
some of these equations are related by interchanging ℓ ↔ n, L ↔ N , D ↔ △ and
0↔ 1 and in that case they are written next to each other.
Labcn
aℓbnc : DL11 −△L10 = −2L10L11 − L1iLi1 +Ni0(L1i + Li1)− Li0Ni1
− C0101 +
2
n−2R01 −
1
(n−1)(n−2)R , (11a)
Labcn
aℓbm(i)c : DL1i − δiL10 = −L11Li0 − L10(L1i +Ni0) + 2Lj[i|Nj|0]
− L1j(Lji +
j
M i0)− C010i +
1
n−2R0i , (11b)
Nabcℓ
anbm(i)c : △L1i − δiL11 = −L10Ni1 + L11(L1i − Li1)− 2Lj[1|Nj|i]
− L1j(Nji +
j
M i1) + C101i −
1
n−2R1i , (11c)
Labcn
am(i)bm(j)c : δ[j|L1|i] = −L11L[ij] − L10N[ij] − L1k
k
M [ij]
− Lk[j|Nk|i] +
1
2C01ij , (11d)
Labcm
(i)aℓbnc : DLi1 −△Li0 = −2L11Li0 + Lij(−Lj1 +Nj0) + 2Lj[0|
j
M i|1]
− C010i +
1
n−2R0i , (11e)
Nabcm
(i)anbℓc : △Ni0 −DNi1 = 2L10Ni1 +Nij(−Nj0 + Lj1) + 2Nj[1|
j
M i|0]
− C101i +
1
n−2R1i , (11f)
Labcm
(i)aℓbm(j)c : DLij − δjLi0 = L10Lij − Li0(2L1j +Nj0)− Li1Lj0
+ 2Lk[0|
k
M i|j] − Lik(Lkj +
k
M j0)− C0i0j −
1
n−2R00δij , (11g)
Nabcm
(i)anbm(j)c : △Nij − δjNi1 = −L11Nij −Ni1(−2L1j + Lj1)−Ni0Nj1
+ 2Nk[1|
k
M i|j] −Nik(Nkj +
k
M j1)− C1i1j −
1
n−2R11δij ,(11h)
Labcm
(i)anbm(j)c : △Lij − δjLi1 = L11Lij − Li1Lj1 − Li0Nj1 + 2Lk[1|
k
M i|j]
− Lik(Nkj +
k
M j1)− C0i1j −
1
n−2 (Rij +R01δij) +
1
(n−1)(n−2)Rδij , (11i)
Nabcm
(i)aℓbm(j)c : DNij − δjNi0 = −L10Nij −Ni0Nj0 −Ni1Lj0 + 2Nk[0|
k
M i|j]
−Nik(Lkj +
k
M j0)− C0j1i −
1
n−2 (Rij +R01δij) +
1
(n−1)(n−2)Rδij , (11j)
Labcm
(i)am(j)bm(k)c : δ[j|Li|k] = L1[j|Li|k] + Li1L[jk] + Li0N[jk] + Lil
l
M [jk]
+ Ll[j|
l
M i|k] −
1
2C0ijk −
1
n−2R0[jδk]i , (11k)
Nabcm
(i)am(j)bm(k)c : δ[j|Ni|k] = −L1[j|Ni|k] +Ni0N[jk] +Ni1L[jk] +Nil
l
M [jk]
+Nl[j|
l
M i|k] −
1
2C1ijk −
1
n−2R1[jδk]i , (11l)
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Mabcm
(j)aℓbnc : D
i
M j1 −△
i
M j0 = 2Ni[1|Lj|0] + 2Li[1|Nj|0] − L10
i
M j1
− L11
i
M j0 + 2
i
Mk[0|
k
M j|1] +
i
M jk(−Lk1 +Nk0)− C01ij , (11m)
Mabcm
(j)aℓbm(k)c : D
i
M jk − δk
i
M j0 = 2Lj[0|Ni|k] + 2Nj[0|Li|k] − Lk0
i
M j1
−
i
M j0(L1k +Nk0) + 2
i
M l[0|
l
M j|k] −
i
M jl(Llk +
l
Mk0)
− C0kij −
1
n−22R0[iδj]k , (11n)
Mabcm
(j)anbm(k)c : △
i
M jk − δk
i
M j1 = 2Nj[1|Li|k] + 2Lj[1|Ni|k] −Nk1
i
M j0
+
i
M j1(L1k − Lk1) + 2
i
M l[1|
l
M j|k] −
i
M jl(Nlk +
l
Mk1)
− C1kij −
1
n−22R1[iδj]k , (11o)
Mabcm
(j)am(k)bm(l)c : δ[k|
i
M j|l] = Ni[l|Lj|k] + Li[l|Nj|k] + L[kl]
i
M j1 +N[kl]
i
M j0
+
i
Mp[k|
p
M j|l] +
i
M jp
p
M [kl] −
1
2Cijkl −
1
n−2 (δi[kRl]j − δj[kRl]i)
+ 1(n−1)(n−2)Rδi[kδl]j . (11p)
Further contractions do not lead to new equations because of eqs. (1) (for example,
taking the second derivative of ℓan
a = 1 leads to na;[bc]ℓ
a+ℓa;[bc]n
a = 0, so that Labcna
and Nabcℓa are identical; other normalization conditions give similar constraints).
4. Null geodetic congruences and Sachs equations
In this section we consider the physically interesting case of a geodetic vector ℓ. By (2),
ℓa;bℓ
b = L10ℓa + Li0m
(i)
a , so that ℓ is geodetic if and only if Li0 = 0. In this case,
the matrix Lij acquires a special meaning since it is then invariant under the null
rotations (5) preserving ℓ, see eq. (6) (and it simply rescales with boost weight one
under a boost (9), cf. eq. (10)). It is then convenient to decompose Lij into its
tracefree symmetric part σij (shear), its trace θ (expansion) and its antisymmetric
part Aij (twist) as [8] (cf. also [7, 9])
Lij = σij + θδij +Aij , (12)
σij ≡ L(ij) −
1
n−2Lkkδij , θ ≡
1
n−2Lkk, Aij ≡ L[ij]. (13)
Along with θ, one can construct other scalar quantities out of ℓa;b (see also the
footnote on p. 6) which are invariant under null and spatial rotations with fixed
ℓ, e.g. the shear and twist scalars given by the traces σ2 ≡ σ2ii = σijσji and
ω2 ≡ −A2ii = −AijAji (note that σij = 0⇔ σ
2 = 0 and Aij = 0⇔ ω2 = 0).
If ℓ is affinely parametrized, i.e. L10 = 0 (as we shall assume in the following),
the optical scalars take the form
σ2 = ℓ(a;b)ℓ
(a;b) − 1
n−2
(
ℓa;a
)2
, θ = 1
n−2ℓ
a
;a, ω
2 = ℓ[a;b]ℓ
a;b. (14)
It is worth observing that one can always choose n and m(i) to be parallely
propagated along the geodesic null congruence ℓ. Namely, one can set
i
M j0 = 0
and Ni0 = 0 by performing an appropriate spin transformation (7) and then a null
rotation (5). This simplifies the Ricci identities considerably and may be convenient
for certain calculations, but it will not be assumed in the rest of this paper.
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4.1. Sachs equations
Now, setting Li0 = 0 = L10 in (11g) and splitting this identity into its tracefree
symmetric part, its trace and its antisymmetric part according to eq. (12), one ends
up with the set of n-dimensional Sachs equations
Dσij = −
(
σ2ij −
1
n−2σ
2δij
)
−
(
A2ij +
1
n−2ω
2δij
)
− 2θσij − 2σk(i
k
M j)0 − C0i0j , (15a)
Dθ = − 1
n−2σ
2 − θ2 + 1
n−2ω
2 − 1
n−2R00, (15b)
DAij = −2θAij − 2σk[jAi]k + 2Ak[i
k
M j]0. (15c)
Notice that for n = 4 one has identically σ2ij −
1
n−2σ
2δij = 0 = A
2
ij +
1
n−2ω
2δij
and σk[jAi]k = 0 = 2Ak[i
k
M j]0 so that eqs. (15a) and (15c) simplify considerably and
take the standard form [1, 2, 12]. Eq. (15b) is instead essentially unchanged, and for
n ≥ 4 has been presented previously in [9, 10].
From eqs. (15a) and (15c) one can also obtain the following scalar equations
(which characterize the propagation of ℓ indepentently of the other frame vectors‖)
D(σ2) = −2σ3 − 2σijA
2
ji − 4θσ
2 − 2C0i0jσij , (16a)
D(ω2) = −4θω2 + 4σijA
2
ji. (16b)
In the special case σ = 0 = R00 one can integrate (15b) and (16b) as in [2, 4] to
obtain
θ =
θ0 + r
(
θ20 +
1
n−2ω
2
0
)
1 + 2rθ0 + r2
(
θ20 +
1
n−2ω
2
0
) , ω = ω0
1 + 2rθ0 + r2
(
θ20 +
1
n−2ω
2
0
) , (17)
where r is an affine parameter along ℓ and θ0, ω0 are the values of the scalars at r = 0
(in the non-twisting case, ω0 = 0, this reduces to the result of [10]).
4.2. Consequences of the Sachs equations
A number of simple but important facts readily follow from the above equations.
First, as in n = 4, it is the Ricci component R00 of boost weight 2 which controls the
propagation of expansion/convergence, and the Weyl components C0i0j (also of boost
weight 2) which control the propagation of shear. On the other hand, the curvature
tensor does not enter the twist-propagation equation (15c).
From eqs. (15a) and (15b) one immediately finds
Proposition 1 Given a geodetic null congruence with tangent vector ℓ in an arbitrary
n-dimensional spacetime (n ≥ 4), the following implications hold:
(i) R00 = 0, θ = 0 = σij ⇒ Aij = 0, C0i0j = 0.
(ii) R00 = 0, θ = 0 = Aij ⇒ σij = 0, C0i0j = 0.
That is, when R00 = 0 if a geodetic null congruence is non-expanding and shearfree
it must be also twistfree, and it is automatically a WAND; if it is non-expanding and
twistfree it must be also shearfree, and again a WAND.
‖ Note indeed that σ3 ≡ σijσjkσki = gadℓ(a;b)ℓ(c;d)ℓ(b;c)−3θσ2− (n−2)θ3, σijA2ji = σijAjkAki =
gadℓ(a;b)ℓ[c;d]ℓ
[b;c] + θA2 and C0i0jσij = Cabcdℓ
aℓcℓb;d. The higher order optical scalars σ3 and
σijA
2
ji entering (16a) and (16b) vanish in n = 4. However, for n > 4 these and other higher order
optical scalars may be in general non-zero and independent of θ, σ and ω.
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These are well-known properties in n = 4 [2]. For n > 4, the first conclusion
in (ii) was already pointed out in [9]. Note that the assumed condition R00 = 0 on
the matter content is satisfied in a large class of spacetimes such as vacuum (with a
possible cosmological constant), aligned pure radiation and aligned Maxwell fields.
It is worth observing that both the alternative assumptions in (i) and (ii) uniquely
identify the Kundt class of non-expanding, twistfree and shearfree spacetimes, i.e. with
Lij = 0 (see [15, 16] and references therein for related studies in higher dimensions).
In view of (ii), we conclude that one can not “generalize” the Kundt solutions by
allowing for a non-zero shear (as long as R00 = 0 and one insists on the non-
expanding and twistfree conditions). This should be contrasted with the existence
of “generalized Robinson-Trautman solutions” with non-zero shear in n > 4 (which
can be readily obtained by taking the direct product of a four-dimensional Robinson-
Trautman solution with a flat Rq, q ≥ 1; see instead [10] for standard Robinson-
Trautman n > 4 solutions). Furthermore, in both above cases (i) and (ii), the fact
that the tangent vector ℓ is necessarily a WAND (because of C0i0j = 0) implies for
n > 4 that the considered spacetime is algebraically special, i.e. it can not be of type
G (this was already noticed in [8]). In addition, if we now substitute Li0 = 0 = Lij
in (11k) and we further assume R0i = 0, we obtain C0ijk = 0. Recalling the identity
C010i = C0jij [8] we find also C010i = 0, so that with Proposition 1 we conclude:
Proposition 2 Under the assumption R00 = 0 = R0i on the matter fields, n ≥ 4
dimensional Kundt spacetimes (i.e., Li0 = 0 = Lij) are of type II (or more special).
Next, one can observe that for odd n, A2ij +
1
n−2ω
2δij = 0 ⇔ Aij = 0 (since one
needs (− 1
n−2ω
2)n−2 = det(A2ij), and det(A
2
ij) = 0 for odd n). Thus, it follows from
eq. (15a) that
Proposition 3 In an n > 4 dimensional spacetime, n odd, for a geodetic WAND ¶
Aij 6= 0 ⇒ σij 6= 0,
i.e., a twisting geodetic WAND must also be shearing. Conversely, a twisting non-
shearing geodetic null direction cannot be a WAND.
The above result is a counterexample to a complete higher dimensional extension
of the Goldberg-Sachs theorem, according to which algebraically special vacuum
spacetimes are shearfree in n = 4. Myers-Perry black holes in n = 5 provide an explicit
example of algebraically special (type D) twisting and shearing spacetimes [7,8]. Note
that the converse implication σij 6= 0 ⇒ Aij 6= 0 does not hold: for example, static
black strings/branes (i.e., the product (p-dimensional Schwarzschild)×Rq, with p ≥ 4
and q ≥ 1) are type D spacetimes with expanding, shearing but non-twisting geodetic
multiple WANDs [17].
On the other hand, again using eq. (15a) one has
Proposition 4 In any spacetime with n > 4, given a geodetic null congruence which
is not a WAND (in particular, an arbitrary geodetic null congruence in an algebraically
general (type G) spacetime)
σij = 0 ⇒ Aij 6= 0,
i.e., a shearfree null geodesic is necessarily twisting unless it is a WAND.
¶ Recall that in n = 4, by the Goldberg-Sachs theorem [1–4], a multiple principal null direction
of a vacuum gravitational fields is necessarily geodetic. Similarly, for n > 4 multiple WANDs are
necessarily geodetic in the case of type III and type N spacetimes [8]. In [17] we shall present a
partial extension of this property to type II and D vacuum spacetimes (under further assumptions on
the Weyl tensor). However, we shall also point out that a complete extension is not possible, namely
there do exist multiple WANDs that are non-geodetic (as opposed to the case n = 4).
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